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In the recent article Phys. Rev. D 100, no. 4, 043533 (2019) a compact phase space generalization
of the flat de Sitter cosmology has been proposed. The main advantages of the compactification is
that physical quantities are bounded, and the quantum theory is characterized by finite dimensional
Hilbert space. Furthermore, by considering the S2 phase space, quantum description is constructed
with the use SU(2) representation theory. The purpose of this article is to apply effective methods
to extract semi-classical regime of the quantum dynamics. The analysis is performed both without
prior solving of the quantum constraint and by extracting physical Hamiltonian of the model. At
the effective level, the results of the two procedures are shown to be equivalent. We find a nontrivial
behavior of the fluctuations around the recollapse of the universe, which is distinct from what is
found after quantization with the standard flat phase space. The behavior is reflected at the level of
the modified Friedmann equation with quantum back-reaction effects, which is derived. Finally, an
unexpected relation between the quantum fluctuations of the cosmological sector and the holographic
Bousso bound is shown.
I. INTRODUCTION
Twenty-three years after the surprising proposition by
Einstein that spacetime might not be linear, Born sug-
gested in 1938 that the conjugated momentum space
might be curved as well [1]. From then, many models
with non-linear momentum space have been developed.
As showed in the geometrical approach [2], many gener-
alizations of quantum mechanics may arise at a more fun-
damental level by considering a non-linear phase space.
In q-deformation theories or in non-commutative geome-
try, the non-linearity of momentum space is presented as
a way to introduce non-commutativity of spacetime [3–5].
On the other hand, such a geometry of momentum space
may lead to a relative notion of locality [6, 7]. Beyond
this non-linear property, a particularly interesting case
is that of a compact momentum space. In Loop Quan-
tum Gravity (LQG) [8, 9] and Loop Quantum Cosmology
(LQC) [10], compactification of the momentum space is
introduced as a way to imply discreteness of length, area
and volume operators, which de facto resolves the Big
Bang singularity [11]. This feature is the exact analogue
of the discrete spectrum of momentum operator in usual
quantum mechanics, when considering a compact posi-
tion operator [12].
A natural and relevant way of extending those works
could, therefore, be to consider both canonical variables
to be non-linear, and eventually compact. Such stud-
ies have for example been conducted in the context of
(3+1)-dimensional lattice Yang-Mills theory [13, 14] and
of LQG [15]. The recently introduced Non-linear Field
Space Theory (NFST) program [16] aims to generalize
and unify the phase-space compactification process to
all field theories [17, 18]. In NFST, the phase space is
compact and canonical variables are, therefore, bounded.
This naturally satisfies Born’s principle of finiteness [19]
and implies that, at the quantum level, the Hilbert space
has finite dimension. In addition, a compact phase space
opens a way to describe fields with the use of spin vari-
ables [20].
One goal is to apply the NFST formalism to the gravi-
tational field. This is an interesting application because it
may allow to avoid infrared and ultraviolet singularities.
For example, in [21] it has been shown that the compact-
ification of the phase space of the gravitational field at
the level of a minisuperspace leads to a phase of recol-
lapse, rather than a phase of infinite expansion, even in
a universe dominated by dark energy (cosmological con-
stant). Moreover, such a generalization is also motivated
by loop quantum cosmology, where the phase space is al-
ready compactified in the momentum direction, leading
to a cylindrical phase space. This momentum compacti-
fication implies to a resolution of the big bang singular-
ity. However, in sufficiently flat universes it is expected
that the universe will enter a phase of eternal expansion,
which amounts to an infrared divergence. The compact-
ification of the remainder of the phase space, cures this
divergence, leading to a universe with many cycles of ex-
pansion and collapse.
The classical properties of a minisuperspace model
with a compact phase space can be obtained in a straight-
forward manner, and in some situations exact solutions
can be derived. After its quantization, it is possible to
solve the model exactly in the case where the spin is small
or when s ∼ ~. Solutions for arbitrary spin s are shown
to exist but are, from a mathematical point of view, dif-
ficult to extract. However, in order to investigate the
semiclassical limit, we need to solve the case where the
spin is very large compared to ~, which is the goal of this
paper.
Worth emphasizing is that the minisuperspace semi-
classical sector, described in NFST cosmology by a state
in 2s + 1 dimensional Hilbert space of a spin s, can be
interpreted as a maximal spin subspace of a higher di-
mensional product space of fundamental representations
of SU(2) - spin-1/2. This paves a way to both extract
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2quantum cosmological sector from dynamics of elemen-
tary (inhomogeneous) spin-1/2 degrees of freedom and
to consider analog cosmological models employing con-
densed matter systems and quantum information pro-
cessing technologies.
The objective of this article is to implement a semi-
classical analysis of the model presented in [21]. The
Poisson bracket of this model is the bracket of su(2) alge-
bra. Since this bracket is non-canonical the model is most
easily quantized by the canonical quantization. However,
the model is also constrained, owing to the fact that it is
derived from general relativity (GR). The most system-
atic way of dealing with such a system at the effective
level is by way of the canonical effective methods [31].
Therefore, we are formulating the dynamics of our sys-
tem in terms of expectation values and their fluctuations,
rather than in terms of wave functions. In the semiclas-
sical limit, where higher order moments can be ignored
this leads to a much more manageable system of ordi-
nary differential equations rather than partial differential
equations.
In order to explain the idea of NFST cosmology, we
first present a model of LQC in Sec. II, which can be
considered as a limiting case of compact phase space cos-
mology. Instead of following the usual construction of
LQC, we adopt the point of view of momentum polymer-
ization which focuses on the geometry of the phase space.
Generalizing such a construction, we present in Sec. III
the de Sitter model with compact phase space that has
been derived and analyzed in details in [21]. The core of
this article is contained in Sec. IV, where the semiclas-
sical limit of our model is derived by means of canonical
effective methods. Finally, in Sec. V we give physical
analysis concerning such issues as: the number of el-
ementary (inhomogeneous) degrees of freedom required
to construct the semiclassical cosmological state, estima-
tion of the magnitude of the quantum fluctuations and
the fate of the holographic Bousso bound are discussed.
II. DE SITTER MODEL IN LOOP QUANTUM
COSMOLOGY
A. Classical Kinematics
Let us first consider the case with the flat phase space.
Since we are studying the canonical evolution of the Uni-
verse, we introduce a canonical physical co-volume q, de-
pending on the scale factor a and a fiducial volume of an
elementary cell V0, such that
1 |q| := V0a3. We introduce
the corresponding canonical momentum variable p. In
physical terms, this canonical momentum is proportional
to the Hubble parameter. The phase space (p, q) is there-
fore a symplectic manifold equipped with a closed 2-form
1 The generalized coordinate q ∈ R is allowed to be negative as for
taking into account different triad orientations.
ω which can be expressed in a Darboux form:
ω = dp ∧ dq. (1)
The inversion of the symplectic form (1) gives the usual
Poisson bracket of the considered algebra:
{f, g} := (ω−1)ij∂if∂jg = ∂f
∂q
∂g
∂p
− ∂f
∂p
∂g
∂q
, (2)
for two arbitrary functions f and g defined on the phase
space.
B. Classical Dynamics
In order to study the dynamics of our cosmological
system, we now have to identify a suitable Hamiltonian
H = NC, such that any variable f would evolve as
f˙ = {f,H} (3)
where f˙ := df/dt denotes the usual derivative along some
time parameter t. In classical GR, the de Sitter Hamilto-
nian constraint for non-vanishing cosmological constant
Λ is
CGR = q
(
−3
4
κp2 +
Λ
κ
)
, (4)
where q, p ∈ R, κ := 8piG and N is the lapse function.
Solving the dynamics of our system is equivalent
to solving and integrating the constraint equation
∂H/∂N = 0. This constraint is characteristic of any
time-reparametrization invariant theory, such as GR. If
we include some ordinary matter content, solving the
constraint for the classical Hamiltonian (4) leads to the
well-known Big Bang singularity with cosmological con-
stant Λ.
A common way for resolving the UV divergence (i.e.
the Big Bang singularity) is that of loop quantum cos-
mology, which consists of the so-called momentum poly-
merization p ∈ (−∞,+∞) → λp ∈ [−pi,+pi], where λ
is a physical length arising from discretization of lengths
in loop quantum gravity [23], and we can generalize the
Hamiltonian to be
CLQC = q
(
−3
4
κ
sin2(λp)
λ2
+
Λ
κ
)
. (5)
Notice that the polymerization of momentum p ∈
[−pi/λ, pi/λ] usually performed in LQC doesn’t change
the symplectic structure. This is because one can al-
ways choose a local coordinate system on their symplectic
manifolds to bring the symplectic structure into canon-
ical form. In this example we have chosen to use a co-
ordinate system with a canonical symplectic structure.
However, after polymerization of both the generalized co-
ordinate q and momentum p we will obtain a phase space
which is equivalent to the phase space of spin, and the
3quantization of such a system is most easily done with
a non-canonical Poisson structure. Therefore, in section
(III A) we will use a specific non-canonical bracket be-
cause it is more amenable to quantization.
As a way to characterize the rate of expansion of the
Universe, it is convenient to introduce the Hubble fac-
tor H := a˙a =
1
3
q˙
q . By using (3), we can calculate the
Hubble parameter in terms of the momentum. We can
then insert this result into the Hamiltonian constraint
∂HLQC/∂N = 0, and derive the effective Friedmann
equation for de Sitter universe in LQC [24–26],
H2 =
N2κ
3
Λ
κ
(
1− 4λ
2
3
Λ
κ2
)
=
N2κ
3
ρΛ
(
1− ρΛ
ρc
)
, (6)
where we defined the cosmological constant energy den-
sity ρΛ := Λ/κ and the critical energy density ρc :=
3κ/4λ2. We notice that this model is equivalent to a
classical de Sitter model with a renormalized cosmologi-
cal constant. When taking ordinary matter into account,
this effective Friedmann equation turns out to replace the
Big Bang singularity by a Big Bounce instead, already at
the semiclassical level [24, 27].
III. DE SITTER MODEL IN NONLINEAR
PHASE SPACE COSMOLOGY
A. Kinematics
The NFST aims to generalize the fundamental field
theories used in physics to the case of a compact phase
space [16, 18]. The phase space (q, p) is compactified into
an ellipsoid, which is conveniently parametrized by spin
vector ~S = (Sx, Sy, Sz), with components [20]:
Sx = S cos
(
p
R1
)
cos
(
q
R2
)
Sy = S sin
(
p
R1
)
cos
(
q
R2
)
Sz = −S sin
(
q
R2
) (7)
with the angles p/R1 ∈ [−pi, pi] and q/R2 ∈ [−pi/2, pi/2].
S =
√
~S · ~S = R1R2 and R1, R2 are the two axes of
the ellipsoid phase space. However, we can always make
a canonical transformation which sets R1 = R2 =
√
S.
Furthermore, it is convenient to keep these as two sepa-
rate parameters, because it will allow us to study various
limiting cases. For example, the limit R2 → ∞ corre-
sponds to the phase space of LQC. As shown in [21], the
physical length λ can be directly related to the radius of
compactified momentum λ := 1/R1, and the R1,2 → ∞
limit is, therefore, equivalent to the classical affine phase
space.
When considering such a spherical phase space, the
symplectic 2-form should be replaced by
ω = cos
(
q
R2
)
dp ∧ dq, (8)
and the Poisson bracket therefore reads
{f, g} := 1
cos (q/R2)
(
∂f
∂q
∂g
∂p
− ∂f
∂p
∂g
∂q
)
. (9)
We, therefore, recover the standard kinematics in the
limit when the phase space curvature goes to zero.
B. Dynamics
The compact phase space approach allows us to ex-
press the dynamics in terms of the spin variables (7). A
relevant Hamiltonian constraint for describing the de Sit-
ter model in the context of spherical phase space is the
following one [21]:
HS = NCS = N
Sz
R1
[
3
4
κ
S2y
R22
− Λ
κ
]
, (10)
satisfying the following conditions:{
limR2→∞ CS = CLQC
limR1,2→∞ CS = CGR
. (11)
For later convenience, we define the following con-
stants:
β :=
3
2
κ
R1R22
, δ :=
ρΛ
ρc
=
4Λ
3κ2R21
, (12)
and fix the time gauge to N = 2β , such that constraint
(10) takes the convenient form:
CS = Sz
[
S2y − δS2
]
. (13)
Employing the Hamilton equation for q, we deduce the
Hubble factor at the kinematical level:
H = −1
2
κ
S2q
SxSySz
cos (q/R2)
. (14)
Imposing then the constraint ∂HS/∂N = 0, the Fried-
mann equation can be derived [21]:
H2 = N2
Λ
3
(
sin(q/R2)
q/R2
)2 [
cos2 (q/R2)− δ
cos2(q/R2)
]
. (15)
This generalized Friedmann equation ensures that the
volume q is bounded from above, implying a phase of
recollapse for the Universe. In addition, it can be shown
that in the limit R2 → ∞, we recover the Friedmann
equations of LQC (6). We therefore suspect that, adding
another matter field, the generalized Friedmann equation
of NFST could lead to an oscillating Universe.
From the Hamiltonian (13) and the Poisson structure
(9) we can determine the evolution of the spin variable:
S˙x = 2SyS
2
z +
(
δS2 − S2y
)
Sy,
S˙y = Sx
(
S2y − δS2
)
,
S˙z = −2SxSySz.
(16)
4We can therefore fully describe the dynamics of our
system by restricting the spin variable to the surface of
constraint. This requires to solve the Hamiltonian con-
straint, here equivalent to Sy = ±
√
δS, which then leads
to the dynamical equations:
S˙x ≈ NβSyS2z ,
S˙y ≈ 0,
S˙z ≈ −NβSxSySz.
(17)
where Nβ = 2, but we here made the choice to write N
explicitly.
C. Physical Hamiltonian
We would now like to determine a physical Hamilto-
nian of our system pφ, that directly generates the dy-
namics of the spin variable on the surface of constraint
(17). This physical Hamiltonian is by definition the gen-
erator of a physical time, that we will d escribe as a scalar
field φ. It thus satisfies the new Poisson bracket relation
φ′ := {φ, pφ}φ,pφ = 1, where the prime denotes derivative
with respect to the physical time (′:= d/dφ). By defini-
tion, under this time reparametrization t→ φ, the lapse
function becomes N → N˜ = N(dφ/dt)−1.
The equations of motion (17) are then given by
S˙i =
dφ
dt
S′i =
dφ
dt
{Si, pφ}φ,pφ . (18)
We need to choose the specific physical time such that
the resulting system of differential equations is actually a
Hamiltonian system. To accomplish this we notice that
S˙y ≈ 0 implies the physical Hamiltonian can only depend
on Sy. From the Leibniz rule then, it follows that the
equations of motion with respect to the physical time
should have the following behavior S′x ∝ Sz and S′z ∝ Sx.
To accomplish this we define our physical time implicitly
in the following way:
N˜ = N
(
dφ
dt
)−1
= N (Sz)
−1
. (19)
The equations of motion (17) are then equivalent to: S
′
x = N˜βSyS
2
z = 2SySz,
S′y = 0,
S′z = −N˜βSxSySz = −2SxSy.
(20)
This choice of physical time therefore makes the equa-
tions of motion much easier to deal with, furthermore
this system of equations is now a Hamiltonian system, as
required. In fact, not every choice of time parametriza-
tion will lead to equations of motion on the constraint
surface that are Hamiltonian. The choice we make here
does, but we also make this choice because it leads to
a physical Hamiltonian that is quadratic and therefore
amenable to quantization. However, one should notice
that when the Universe will collapse, N˜ goes to infinity
as the physical volume goes to 0 (i.e. Sz → 0). In con-
sequence, it will be more convenient to go back to the
parameter time t when analyzing the dynamics close to a
singularity. From equations (20), one can easily deduce
the corresponding physical Hamiltonian2 pφ = S
2
y .
Time in General Relativity is difficult to define, as it is
a relational quantity [28, 29]. The way to notice the flow
of time is by describing how some objects evolve in rela-
tion with a distinguished degree of freedom that can play
the role of time. In our simplistic model, the only mat-
ter present in the Universe is the cosmological constant.
We’ve seen that the equations of motion (17) satisfied the
constraint S2y = δS
2. However, our derivation of a phys-
ical Hamiltonian therefore implies that pφ = S
2
y = δS
2.
Choosing a time parametrization that makes our system
Hamiltonian on the constraint surface therefore leads us
to the interpretation that the cosmological constant is
the momentum of a scalar field. This implied scalar field
can then play the role of time.
D. Quantization
Since our model is expressed in terms of spin variables
we can quantize it in the usual way: Si → Sˆi. However,
since we are working with a constrained system there are
two ways we can proceed. We can quantize before or af-
ter gauge fixing. It turns out that these two approaches
agree to first order quantum corrections. Quantizing af-
ter gauge fixing is most straightforward way to proceed.
The deparametrized Hamiltonian corresponding to (13)
is: pφ = S
2
y , which has the simple quantization:
pˆφ = Sˆ
2
y . (21)
This system is actually solvable exactly. If we work
in a basis that diagonalizes Sy. However, since we are
only interested in semiclassical states, this analysis is not
necessary for us.
We can instead choose to quantize the constraint (13)
before gauge fixing, we obtain the following quantum con-
straint:
CˆS =
(
SˆzSˆ
2
y
)
Weyl
−
(
Sˆz pˆφ
)
Weyl
, (22)
where we made the choice to use Weyl ordering of all
the operators, we have also made the choice to not in-
clude factorial powers of the Sˆi in the ordering choice.
Moreover, (...)Weyl refers to the usual Weyl ordering, e.g.:(
SˆzSˆ
2
y
)
Weyl
:=
1
3
(
SˆzSˆySˆy + SˆySˆzSˆy + SˆySˆySˆz
)
. (23)
2 Notice that the physical Hamiltonian is defined up to a constant,
which we here set to 0. That can always be done by redefining
the origin of the physical time considered.
5We are not aware of a method to solve this constraint
exactly for arbitrary choice of s. However, after fixing
s to a certain value, solving the constraint is equivalent
to finding its null space, which can always be done, at
least numerically for finite systems. As an example, exact
solutions have been derived for low spin value s = 2 in
[21].
IV. SEMICLASSICAL LIMIT OF DE SITTER IN
NFST
Solving the quantum constraint in full generality is a
hard problem. Additionally, solving the deparametrized
constraint is possible, however, we don’t have a satisfac-
tory way of selecting suitable initial conditions. Despite
these difficulties, we are most interested in the behavior
of our system in the semiclassical regime which can be
accessed with the canonical effective methods. This is
an interesting approach because it will allow us to see
how the quantum fluctuations behave in the presence of
a spherical phase space without having to solve the quan-
tum dynamics exactly.
A. Semiclassical Mechanics
After we have identified our classical phase space as the
phase space of spin, our Poisson bracket takes the form:
{Si, Sj} = εijkSk. The quantization of this bracket can
be found with the usual canonical quantization. How-
ever, we aim to perform a semiclassical analysis of this
system, which will involve studying the backreaction of
the moments onto the expectation values of the spin. We
therefore need to understand the kinematics of the mo-
ments of the state. At the semiclassical level, the required
Poisson brackets can be defined in a straightforward way
[30]: {
〈Aˆ〉, 〈Bˆ〉
}
=
1
i~
〈[
Aˆ, Bˆ
]〉
. (24)
Where this bracket is augmented with the Leibniz rule
in order to satisfy all the properties of a Poisson bracket.
Truncating our results at the leading semiclassical cor-
rection yields the following algebra of moments:
{Si, Sj} = εijkSk,
{∆ (SaSb) , Sc} = εacd∆(SdSb) + εbcd∆(SdSa),
{∆(SaSb),∆(ScSd)} = εaceSe∆(SbSd) + εbceSe∆(SaSd)
+ (c↔ d) +O(~3/2).
(25)
Given a Hamiltonian, we can use this Poisson alge-
bra to generate equations of motion on the semiclassi-
cal phase space. Moreover, this Poisson bracket is triply
degenerate, admitting three Casimir functions. One of
them takes the simple form: C1 = 〈Sˆ2〉 = ~S2 + ∆(~S2).
Due to this degeneracy, the expectation value of ~S2 is
a constant of the motion, which is not surprising be-
cause this operator commutes with all Hamiltonians con-
structed from the spin operators. The second Casimir
takes the form: C2 = 2Si∆(SiSj)Sj + ∆(SiSi)2 −
∆(SiSj)∆(SjSi). The last and most interesting Casimir
takes the form C3 = det [∆(SiSj)]. This implies that the
volume of the wave packet in the spin space is conserved
over time. This also gives us a crude measure of semiclas-
sicality. As in the flat case a measure of semiclassicality
is area of the wave packet in phase space. Here we can
use the volume of the wave packet, which happens to be
a constant of the motion. Moreover, even at the level of
kinematics we already have a divergence from the classi-
cal theory where the evolution is constrained to a sphere
of radius S. Due to the quantum corrections this sphere
actually becomes fuzzy and the classical spin is not con-
served.
Given a Poisson bracket on the semiclassical phase
space, we still need a Hamiltonian to generate dynam-
ics. For consistency with the ordinary Schro¨dinger flow
on the Hilbert space, the Hamiltonian on the semiclas-
sical phase space takes the simple form HQ = 〈Hˆ〉, this
expectation value can be expressed as a sum of central
moments of our quantum state, which can then be trun-
cated at the leading semiclassical order. Furthermore,
this Hamiltonian is defined uniquely up to terms which
depend only the Casimir function of the Poisson algebra.
From here the semiclassical dynamics can be generated
in the usual way: K˙ = {K,HQ}, for some phase space
function K.
B. Effective constraints
In fact, setting the expectation value of (22) to zero
is not the only constraint we need to implement at the
effective level. For leading order quantum corrections, we
also need to implement to following effective constraints:
Cqs = 〈Cˆs〉 = Sz(S2y − pφ) + Sz∆(S2y)
+ 2Sy∆(SzSy)−∆(Szpφ),
CSi = 〈CˆsδˆSi〉W = 2SySz∆(SySi)− Sz∆(pφSi),
Cpφ = 〈Cˆsδˆpφ〉W = 2SzSy∆(Sypφ)− Sz∆(p2φ),
Cφ = 〈Cˆsδˆφ〉W = 2SzSy∆(Syφ)− Sz∆(pφφ).
(26)
A direct calculation shows that these constraints are
preserved under evolution with respect to the coordinate
time, that is, {Cqs , Ci} = 0. Moments involving φ can be
chosen by a gauge choice and moments involving pφ are
selected by the constraints. In particular we have
∆(pφSz) = 2Sy∆(SySz). (27)
Inserting this into the quantum constraint and solving
for pφ, we find the following deparametrized Hamiltonian
pφ = S
2
y + ∆(S
2
y) +O(~2). (28)
6This is a quadratic Hamiltonian now, and furthermore,
it is what we would expect from the quantization of de-
parametrized Hamiltonian (21). We also notice that both
terms in this Hamiltonian are conserved separately. This
can be seen by directly calculating the equations of mo-
tion with respect to the internal time:
S′y = 0,
∆(S2y)
′ = 0.
(29)
The other equations of motion can be derived in the usual
way: K ′ = {K, pφ}. Using the Poisson bracket (25) and
the semiclassical Hamiltonian we find the following ex-
plicit equations of motion:
S′x = 2SySz + 2∆(SySz),
S′z = −2SySx − 2∆(SxSy),
∆(S2x)
′ = 4Sz∆(SxSy) + 4Sy∆(SxSz),
∆(S2z )
′ = −4Sx∆(SySz)− 4Sy∆(SxSz),
∆(SxSy)
′ = 2Sz∆(S2y) + 2Sy∆(SySz),
∆(SxSz)
′ = −2Sy∆(S2x) + 2Sy∆(S2z ),
− 2Sx∆(SxSy) + 2Sz∆(SySz),
∆(SySz)
′ = −2Sy∆(SxSy)− 2Sx∆(S2y).
(30)
C. Analytic solutions for the quantum corrected
spins
The above system is quite complicated, and includes
non-linear interactions between the classical and quan-
tum parameters. However, due to the constant nature of
Sy and ∆(S
2
y) we are able to find analytic solutions for
the whole system. We first notice that there is a subspace
that obeys a linear set of equations of motion:
S′x = 2SySz + 2∆(SySz),
S′z = −2SySx − 2∆(SxSy),
∆(SxSy)
′ = 2Sz∆(S2y) + 2Sy∆(SySz),
∆(SySz)
′ = −2Sy∆(SxSy)− 2Sx∆(S2y).
(31)
Since the coefficients of this system of differential equa-
tions are constant this system can be solved with stan-
dard methods, or with computer algebra. One caveat is
that we have to Taylor expand our solutions to first order
in the dimensionless parameter
 :=
∆(S2y)
S2y
, (32)
because this parameter is assumed to be small for semi-
classical states. Rough estimates made below suggest
it should be O(~/S), and we will ignore corrections that
are O(2). The general solution is available, however, too
long to be printed here. We therefore present a solution
corresponding to specific initial conditions. These initial
conditions can be selected at the recollapse by assuming
the state is evolving adiabatically at this time. We find
the following solutions for the linear subspace,
Sz(φ) =
√
S2 − S2y
[
cos (2Syφ) + 2Syφ [sin (2Syφ)− Syφ cos (2Syφ)]
∆(S2y)
S2y
]
,
Sx(φ) =
√
S2 − S2y
[
sin (2Syφ)− 2Syφ [cos (2Syφ) + Syφ sin (2Syφ)]
∆(S2y)
S2y
]
,
∆(SxSy) =
√
S2 − S2y [2Syφ cos (2Syφ)− sin (Syφ)]
∆(S2y)
Sy
,
∆(SzSy) = −
√
S2 − S2y [cos (2Syφ) + 2Syφ sin (2Syφ)]
∆(S2y)
Sy
.
(33)
At this stage the semiclassical corrections to the clas-
sical motion have been derived. However, we would still
like to solve for the remaining quantum moments. Insert-
ing (33) in (30), we find a system of linear homogeneous
differential equations which can be solved and expanded
using computer algebra to give solutions for the remain-
ing moments. We fix the remaining initial conditions
with our assumption that at the time of recollapse the
moments are evolving adiabatically. Under these condi-
tions the solutions read:
7∆
(
S2x
)
=
1
2
[ (
S2 + S2y
)
+ 4
(
S2 − S2y
)
S2yφ
2 +
(
S2 − S2y
) [
(−1 + 4S2yφ2) cos (4Syφ)− 4Syφ sin 4Syφ
]]∆ (S2y)
S2y
,
∆ (SxSz) = −1
2
(
S2 − S2y
) [
4Syφ cos (4Syφ) +
(−1 + 4S2yφ2) sin (4Syφ)]∆(S2y)S2y ,
∆
(
S2z
)
=
1
2
[ (
S2 + S2y
)
+ 4
(
S2 − S2y
)
S2yφ
2 − (S2 − S2y) [(−1 + 4S2yφ2) cos (4Syφ)− 4Syφ sin 4Syφ]]∆ (S2y)S2y .
(34)
An interesting feature of these solutions is that the
quantum corrected spins contain correction terms that
are linear in the scalar field. This indicates a resonance
between the classical and quantum degrees of freedom.
Ordinarily this would signal a break down of pertur-
bation theory. However, since we are only considering
φ ∈
[
− pi4Sy , pi4Sy
]
, this isn’t an issue for this particular
calculation. However, if we include ordinary matter in
our calculations we will find a universe that goes through
many cycles of bounces and contractions, allowing the ef-
fect from this resonance to accumulate over time. How-
ever, we are working in a very simplified minisuperspace
setting, so these resonances could be an artifact of this
symmetry reduction. A more realistic model is then
needed to verify whether or not this resonance is a ro-
bust feature.
For analyzing the behavior close to singularities it is
most convenient to convert back to the proper time. This
can be done by solving the differential equation: φ˙ = Sz,
this can be solved to 0th semiclassical order with the
result:
φ =
1
2Sy
arcsin
(
tanh
(
2Sy
√
S2 − S2yt
))
. (35)
We can then use this formula to convert our internal time
results to the proper time.
D. Effective Friedmann equations
For phenomenological purposes it is important to de-
rive a Friedmann equation which receives not only cor-
rections from the phase space curvature, but also from
the quantum corrections, which can have important phe-
nomenological applications. We can use the equation of
motion for Sz to derive such an equation. Moreover, we
can use our solutions for the moments and classical spins
to express S′z in terms of only classical spins, or constants
of motion. The equation of motion for Sz is only cor-
rected by the moment ∆(SxSy). Happily, this moment
can be expressed in terms of the classical coordinates and
the constants of motion:
∆(SxSy) = −SxSy
(
1− Sz
Sx
arctan
(
Sx
Sz
))
, (36)
where for the later convenience we have introduced
parametrized relative quantum fluctuations of Sy by the
parameter  defined in Eq. 32.
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FIG. 1. The normalized z spin component as a function of
the proper time. We see that when the magnitude of the
proper time is much greater than one, then we have a uni-
verse which is either exponentially contracting or expanding.
However, these two different solution branches are connected
by a regime, where the phase space curvature effects domi-
nate. In this plot we have chosen initial conditions such that
Sy/S = 0.3, and ~/S = 10−10. ~ being much less than S puts
us well into the perturbative regime and we can expect the
numerical solutions for the classical coordinates to be close to
the analytic solutions. Moreover, at the point of recollapse
we have Sx = 0 and ∆(S
2
y) =
1
2
~S. The adiabatic condition
then fixes all other initial values.
We can now insert this solution into the equation of
motion for Sz. We obtain:
S′z = −2SySx
[
1−
(
1− Sz
Sx
arctan
(
Sx
Sz
))

]
. (37)
Next, we perform a transformation back to the proper
time, in order to make contact with the proper time Hub-
ble factor. We obtain,
S˙z = −2SySxSz
[
1−
(
1− Sz
Sx
arctan
(
Sx
Sz
))

]
. (38)
We now undo the time reparametrization that we per-
formed at the beginning of our analysis:
S˙z = −3
2
κSySxSz
R1R22
[
1−
(
1− Sz
Sx
arctan
(
Sx
Sz
))

]
.
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FIG. 2. Fluctuation of Sz given our initial conditions as a
function of the proper time. We notice a sharp decrease in the
magnitude of the fluctuations close to the point of recollapse,
contrary to what would be expected in a model with a flat
phase space. Again, we are in the semiclassical regime because
we have chosen ~/S = 10−10. This then implies that the
we are in a regime where the quantum numbers are large
because: S2 ∼ s(s + 1)~2. This choice of initial conditions
leads to moments that are parametrically small, and we can
expect the corrections they give to be small. According to
the discussion in (IV E) we have chosen ∆(S2y) =
1
2
~S. After
that the adiabatic condition fixes all other initial values at
the point of recollapse.
From the expression of Sz (7), this implies that
q˙ =
3
2
κ
S2
SxSySz
cos (q/R2)
[
1−
(
1− Sz
Sx
arctan
(
Sx
Sz
))

]
,
agreeing with the kinematical Hubble factor (14), in the
limit ~ → 0. Furthermore, we can express the Hubble
parameters in terms of q only:
H2 = N2
Λ
3
(
sin (q/R2)
q/R2
)2 [
cos (q/R2)
2 − δ
cos (q/R2)2
]
×
[
1− 2F(q)
]
. (39)
The pre-factor matches with what is found in the classical
case, and the post factor contains quantum corrections,
parametrized by the relative quantum fluctuations . The
function F(q) is given by:
F(q) = 1−
sin (q/R2) arctan
(√
cos 2(q/R2)−δ
sin (q/R2)
)
√
cos 2(q/R2)− δ
. (40)
This function encodes the behavior of the semiclassical
corrections.
Taking the small phase space curvature limit we can
make the approximation F ≈ 1 − pi
2
√
1−δ
q
R2
. Further-
more, the entire Hubble parameter can be expressed in
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FIG. 3. Logarithm of the relative fluctuations relative to the
proper time. The relative fluctuations are the smallest to-
wards the point of recollapse, and grow exponentially as the
universe shrinks in size. The quantum corrections therefore
become dominant at a certain time in the early universe. For
this plot we have chosen the same initial conditions as in Fig:
2
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FIG. 4. Correlation function between Sx and Sz as a function
of the proper time. Even though this correlation is zero at
the point of recollapse for adiabatic initial conditions we see
that nontrivial correlations can develop during the evolution.
Again, we have chosen the same initial conditions as in Fig:
2
the small phase space curvature limit.
H2 = N2
Λ
3
[
1− δ − 2
[
1− pi
2
√
1− δ
q
R2
]

]
, (41)
The quantum effects therefore weaken the gravitational
attraction at sufficiently small volumes, which is expected
based on the expectation that quantum effects should
make gravity repulsive at Planckian densities. As a pos-
sible phenomenological implication, we notice that in this
limit, the quantum corrections contain a term that is
proportional to the volume. The quantum corrected non
9linear phase space therefore predicts that there is a neg-
ative jerk, which can in principle be measured. However,
to make an accurate prediction for this jerk, we would
need to make our model more realistic by including other
types of matter, as well as perturbations, going beyond
the minisuperspace approximation.
E. Cosmological NFST in the C3 = 0 case
In order to justify some of our choices for initial condi-
tions, and to gain some physical intuition for the physical
evolution of our spin system, we consider the case where
C3 = 0 such that we project our wavepacket on to a
surface of constant spin, which is in turn equivalent to
restricting our system to eigenstates of Sˆ2.
One way to implement this reduced system is to intro-
duce a constraint to our semiclassical Hamiltonian. An
alternative way, which gives more physical intuition, is
to realize the spin algebra in terms of Casimir-Darboux
coordinates, and then to quantize the resulting canonical
variables. Such a canonical parametrization is given by:
Sx =
√
S2 − p2α sinα,
Sy = pα,
Sz =
√
S2 − p2α cosα.
(42)
Where we have {α, pα} = 1. It can be verified that this
parametrization obeys the original bracket: {Si, Sj} =
ijkSk. By allowing α and pα to fluctuate, we can relate
fluctuations of the spin into fluctuations of these canon-
ical coordinates.
Sˆi = Si + δSˆi
= Si [α+ δαˆ, pα + δpˆα]
≈ Si [α, pα] + ∂Si
∂α
δαˆ+
∂Si
∂pα
δpˆα.
(43)
This in turn implies:
∆(S2y) = ∆(p
2
α),
∆(S2x) =
(
S2 − p2α
)
cos 2(α)∆(α2)− sin (2α)pα∆(αpα) + p
2
α
S2 − p2α
sin 2(α)∆(p2α),
∆(S2z ) =
(
S2 − p2α
)
sin 2(α)∆(α2) + sin (2α)pα∆(αpα) +
p2α
S2 − p2α
cos 2(α)∆(p2α),
∆(SySz) = − pα cos (α)√
S2 − p2α
∆(p2α)−
√
S2 − p2α sin (α)∆(αpα),
∆(SySx) = − pα sin (α)√
S2 − p2α
∆(p2α) +
√
S2 − p2α cos (α)∆(αpα),
∆(SxSz) = −(S2 − p2α) cos (α) sin (α)∆(α2)− pα cos (2α)∆(αpα) +
p2α
S2 − p2α
cos (α) sin (α)∆(p2α).
(44)
We then have the algebra:
{α, pα} = 1,{
S2, •} = 0,{
∆(p2α),∆(α
2)
}
= −4∆(αpα),{
∆(p2α),∆(αpα)
}
= −2∆(p2α),{
∆(α2),∆(αpα)
}
= 2∆(α2).
(45)
Finally, things are most simple if we use a faithful canon-
ical parametrization of the moment algebra:
∆(p2α) = p
2
σ +
U
σ2
,
∆(pαα) = σpσ,
∆(α2) = σ2.
(46)
The U is the Casimir parameter of the algebra, which
can be identified as the uncertainty of the canonical coor-
dinates: ∆(p2α)∆(α
2) −∆(αpα)2 = U . After this reduc-
tion of states, and the implementation of the canonical
coordinate system we have the deparametrized Hamilto-
nian:
HQ = S
2
y + ∆(S
2
y) = p
2
α + p
2
σ +
U
σ2
. (47)
Interpreting
√
U as an angular momentum, we can
identify this Hamiltonian as the Hamiltonian of a free
particle in three dimensions written in cylindrical coor-
dinates. Only the particle is not allow to get to close to
the α axis, because the angular momentum is bounded
from below by the Heisenberg uncertainty
√
U ≥ ~/2.
This gives us some insight into the dynamics. For exam-
ple, we expect σ to grow without bound, and to generally
only have one local minimum.
We can take things further by considering the eigenval-
ues and eigenvectors of the covariance matrix: ∆(SiSj).
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These quantities are important because the allow us to
most easily vizualize the evolution of the ellipsoid in the
phase space. The covariance matrix is three dimensional,
so in the general case we might not expect to obtain nice
analytical solutions. However, because of the reduction
we made to the case C3 = 0, we expect one of the eigen-
values to be zero, because the wave packet is flattened
on to the sphere of constant spin. Explicit calculations
give:
λ1 = 0,
λ2 =
1
2(S2 − p2α)σ2
[
S2U + S2σ2p2σ +
(
S2 − p2α
)2
σ4
+
√
S4U2 + 2p2σS
4Uσ2 + S2 (p4σS
2 − 2(S2 − p2σ)2U)σ4 + 2S2p2σ (S2 − p2α)2 σ6 + (S2 − p2α)4 σ8
]
,
λ3 =
1
2(S2 − p2α)σ2
[
− S2U − S2σ2p2σ −
(
S2 − p2α
)2
σ4
+
√
S4U2 + 2p2σS
4Uσ2 + S2 (p4σS
2 − 2(S2 − p2σ)2U)σ4 + 2S2p2σ (S2 − p2α)2 σ6 + (S2 − p2α)4 σ8
]
.
(48)
We remark that the only time dependent parameters
in this expression are σ and pσ. Despite the complexity
of these expressions, we have:
λ2λ3 = US
2. (49)
Indicating that the area of our wave packet on the sphere
is conserved. Which is expected for semiclassical states
evolving according to (47). Taylor expanding (48) for
large σ (or equivalently the late time limit), we find:
λ2 ≈ S
2
S2 − p2α
(
p2σo +
U
σ20
)
+
(
S2 − p2α
)
σ2,
λ3 ≈ S
2
S2 − p2α
U
σ2
.
(50)
So generally the wave packet will be squeezed in one di-
rection and stretched in the other, while remaining flat
on the curved phase space, as one would expect from the
case of a quantum particle evolving in flat two dimen-
sional phase space.
Furthermore, this analysis allows us to obtain esti-
mates for the initial conditions of the full quantum evo-
lution. Starting with (49), we notice that for symmetric
states we have λ2 = US2 ≥ 14~2S2. Since, λ is a good
estimate for the size of the dispersions and because we
will restrict ourselves to states that are not so extremely
squeezed, we expect our initial moments to be of order
~S. It is therefore reasonable to take the initial condition:
∆(S2y)/(δS
2) =  ∼ ~/(δS) in the full analysis where
there is less analytic control. This epsilon parametrizes
the quantum corrections in our model and therefore it is
crucial that we make a good estimate for it. As noted be-
low,  is related to the relative fluctuations of the Hubble
parameter and therefore we expect it to be very small.
In this reduced setting it is also instructive to con-
sider the eigenvectors of the covariance matrix. Not sur-
prisingly, the eigenvector with eigenvalue zero is ν1 =
~S =
(√
S2 − p2α sin (α), pα,
√
S2 − p2α cos (α)
)
. In the
late time limit, we find the other eigenvectors have the
approximate form: ν2 =
∂ν1
∂α and ν3 =
∂ν1
∂pα
. Therefore,
the wavepacket is spreading out in the direction of the
motion in the phase space and contracting in the direc-
tion perpendicular to the motion. We find that these
qualitative features are reproduced when the full dynam-
ics are taken into account.
V. PHENOMENOLOGY AND BOUSSO BOUND
The results which have been presented in the previ-
ous sections show that semiclassical homogeneous and
isotropic gravitational sector can be constructed with the
use of a spin degree of freedom. This has relevance from
the point of view of extracting cosmological sector from a
general (inhomogeneous) configuration of quantum grav-
itational system. Let us discuss this issue by assuming
that elementary degrees of freedom of gravitational field
are two dimensional quantum systems (qubits). This as-
sumption is not crucial, and any higher dimensional ele-
mentary degrees of freedom can be considered, however,
qubits are the smallest non-trivial quantum systems to
which any higher dimensional quantum system can be
always reduced to. The qubits are also corresponding
to fundamental representations (spin-1/2) of the SU(2)
theory, which are utilized in such approaches to quantum
gravity as LQG.
Let us denote the Hilbert space of a qubit (spin-1/2)
as H1/2, such that dimH1/2 = 2. Then, the Hilbert space
of the system of N qubits is
Htot =
N⊗
i=1
H1/2, (51)
and has dimension dimHtot = 2N . Without the lose of
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generality let us consider an even N . Then, the semi-
classical homogenous and isotropic cosmological config-
uration is a state in a subspace Hcosm ⊂ Htot and is
corresponding to the maximal spin. The maximal spin
smax, in the system of N spins 1/2 is smax = N/2, such
that
Hcosm = Hsmax , (52)
and dimHcosm = 2smax + 1 = N + 1. Then, the to-
tal Hilbert space can be decomposed as follows Htot =
Hcosm ⊗Hinh, where Hinh is the Hilbert space of the in-
homogeneous sector having dimension:
dimHinh = 2N − (N + 1). (53)
The spin S present in our previous considerations can
be now interpreted as S = }
√
smax(smax + 1) ≈ }smax =
}
2N . So the higher the number of degrees of freedom N
the bigger S and in consequence, the spin description is
closer to the standard case of GR.
Based on the above considerations one can observe
that, because cosmological sector is dependent on the pa-
rameter S, which in turn is a function of the total number
of degrees of elementary freedom N ∼ S/}, analysis of
the minisuperspace configuration allows to constrain the
total number of degrees of freedom which are involved.
Such analysis is especially interesting from the perspec-
tive of the constraint on the number of degrees of freedom
in the Hubble volume implied by the holographic princi-
ple [32] and the holographic Bousso bound [33, 34].
In the cosmological context, the holographic bound
claims that the number of degrees of freedom in the Hub-
ble volume VH - which we call Nbulk - does not exceed
the number of degrees of freedom at the boundary of
the volume (which is the Hubble area AH). By denoting
the number of degrees of freedom at the Hubble area as
Nboundary, the Bousso bound can be stated as:
Nbulk ≤ Nboundary. (54)
While such inequality is satisfied, the bulk can be unam-
biguously described by the information at the boundary,
realizing the holographic principe.
In order to answer if our considerations allow to tell
something about the condition (54), let us consider the
parameter (32), which appeared in the modified Fried-
mann equation (39). In the, semiclassical limit, far from
the deep Planckian regime, where p R1 and q ∼ R2 (so
we are still far from the turning point), we have Sy ≈ SR1 p
(see Eq. 7), which allows us to approximate Eq. 32 as
 =
∆(S2y)
S2y
≈ ∆(p
2)
p2
≈ ∆(H
2)
H2
. (55)
The estimation of the relative fluctuations of the Hub-
ble parameter is rather subtle. In what follows we will
present an approach to the problem, which employs
Planck scale fluctuations of the Hubble horizon
Namely, we can make an estimation of the relative fluc-
tuations of the Hubble parameter, by changing variables
to the Hubble radius RH := 1/H, so that
∆(H2) :=
〈(
Hˆ −H
)2 〉
=
〈( 1
RˆH
− 1
RH
)2 〉
=
〈( 1
RH + δ̂RH
− 1
RH
)2 〉
=
1
R4H
〈(
δ̂RH
)2 〉
+O(~3/2)
≈ 1
R2H
∆(R2H)
R2H
= H2
∆(R2H)
R2H
.
(56)
This implies that  ≈ ∆(H2)H2 ≈ ∆(R
2
H)
R2H
. A reasonable
assumption seem to be that quantum fluctuations of the
Hubble horizon are tiny and of the order of the Planck
length lPl ≈ 1.62 · 10−35 m. Therefore, the standard
deviation σ(RH) :=
√
∆(R2H) ∼ lPl. Using this, as well
as the fact that for de Sitter universe RH =
√
3
Λ (which
is approximately satisfied in the case considered here),
we can estimate that:
 ≈ ∆(S
2
y)
δS2
≈ ∆(R
2
H)
R2H
∼ l2PlΛ, (57)
where in the first approximation the equation of con-
straint S2y ≈ δS2 has been used. Taking the current
values of the Hubble factor H0 = 67.8 ± 0.9 kms·Mpc [35]
and the parameter ΩΛ =
Λ
3H20
= 0.69 ± 0.01 [35] we can
estimate that:
 ∼ 10−122. (58)
Assuming that the momentum compactification scale
(related to R1) is Planckian, as one might expect from
results in LQG, implies that ρc ∼ ρPl := m4Pl. In conse-
quence,
δ :=
ρΛ
ρc
∼ ρΛ
ρPl
∼ l2PlΛ ∼ . (59)
Furthermore, from Sec. IV E we have the estimate,
∆S2y =
1
2~S, which together with Eq. 59, allows us to
rewrite Eq. 57 into
S
~
∼ 1
2
∼ 10224, (60)
where the numerical value corresponds to the current es-
timate, employing Eq. 58. As discussed earlier in this
section, the value of S can give an estimate for the num-
ber of degrees of freedom in the bulk, i.e. S ∼ Nbulk}.
Based on this we find, Nbulk ∼ 1/2 ∼ 10224.
On the other hand, the number of degrees of freedom
at the boundary (Hubble horizon) can be estimated by
dividing the area of the Hubble horizon, by the Planck
cells of the area l2Pl [36]:
Nboundary ≈ AH
l2Pl
=
4piR2H
l2Pl
∼ 1
l2PlΛ
∼ 1

∼ 10122. (61)
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Therefore, in the considered case:
Nbulk ∼ N2boundary, (62)
and the number of degrees of freedom in the bulk is much
greater than those on the boundary, violating the holo-
graphic Bousso bound (54).
In order to satisfy the Bousso bound we might try to
generalize our estimate of ∆(S2y). We only have two pa-
rameters with dimension of action, so we can consider the
power-law ansatz: ∆(S2y) ∼ ~2(S/})k, where k ≤ 2. The
upper bound on the values of k comes from the fact that
the relative fluctuations
∆(S2y)
S2 ∼ (S/})k−2, and the val-
ues k > 2 imply lack of semiclassicality of the state. For
k = 1 the previously case, violating the Bousso bound,
is recovered. Another spacial case is k = 0, which im-
plies ∆(S2y) ∼ ~2 and corresponds to a strongly squeezed
state. For k < 0, while the relative fluctuations of Sy
decrease with the increase of S (guaranteeing semiclassi-
cality), the squeezing of state is very large, which has to
be balanced by a large fluctuations of the other spin com-
ponents. Therefore, while the despite the k < 0 satisfies
the Bousso bound, since we have
Nbulk ∼ N
2
2−k
boundary, (63)
with the power 22−k < 1, such case is rather disfavored
on the physical ground. The remaining case is k = 0, for
which
Nbulk ∼ Nboundary, (64)
and the Bousso bound has chance to be satisfied by a
proper choice of the proportionality factor.
Concerning the issue of semiclassicality for the k = 0
case, let us resort to our analysis of the quantum fluctua-
tions of the undeformed spherical phase space, presented
in Sec. IVE. This is a reasonable case, especially if we as-
sume that the state is condensing in the S = smax~ sector
of the Hilbert space. The squeezing with k = 0 implies
∆(p2α) ∼ ~2, but then the Heisenberg uncertainty princi-
ple for canonical variables implies: ∆(α2) ∼ 1. Given our
canonical mapping this implies:
∆(S2x)
S2 ∼ ∆(S
2
z)
S2 ∼ 1. The
character of such a state which is squeezed and satisfies
the Bousso bound, is therefore not semiclassical.
VI. SUMMARY
In summary, our semiclassical analysis of a de Sitter
model with a compact (S2) phase space has given us in-
sight into the behavior of the quantum fluctuations in the
model. In particular, we were able to find analytic solu-
tions for the leading order moment corrections, despite
the non-linearity of the effective system. These analytic
solutions agree well with standard results of quantum
fluctuations in a de-Sitter model with a flat phase space,
and make new predictions in the regime where the clas-
sical coordinates are the same order as the phase space
radius of curvature. While qualitative, these predictions
are interesting, and possibly indicate future research di-
rections.
Unfortunately, it is hard to make concrete quantita-
tive phenomenological predictions in this setting, due to
the highly simplified nature of the model. However, our
solutions for the semiclassical corrections do indicate sev-
eral interesting qualitative predictions. For example, our
solutions indicate that the classical variables would not
be periodic in a cyclic universe, and in particular, these
classical variables are resonating with the quantum cor-
rections. The time constant for this resonance, is several
lifetimes of the universe. Within this simplified setting of
this model, this indicates the semiclassical states are not
a stable variational class. A possible way around this
issue would be to introduce different types of ordinary
matter, or to include density perturbations. However,
this would complicate the model, possibly making ana-
lytic solutions impossible to find.
Furthermore, our solutions have several qualitative fea-
tures which could have phenomenological implications.
Our calculation of the NFST Hubble parameter in the
presence of quantum corrections indicates that there is
a negative jerk which could become relevant before one
would expect based on the classical NFST. Moreover, for
the initial conditions under consideration, we observe a
sharp decrease in the quantum fluctuations close to the
point of recollapse.
Finally, the obtained results are discussed from the
perspective of the number of degrees of freedom involved
in construction of the semiclassical cosmological state
and the fate of the holographic principle. We find that
the semiclassical state supported by the considerations
presented in this article violates the Bousso bound. How-
ever, a state which may satisfy the holographic bound is
still acceptable based on physical considerations. This
opens an intriguing possibility to build a quantum (com-
pact phase space) version of de Sitter model satisfying
the Bousso bound.
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